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Evolutionary Games and Competition

We already studied three ideas
» Reproduction
> Selection
> Mutation
however, we studied one last example at the end of Lecture 2
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> We discussed that the term in red is a mutation because Infected just transform into
Recovered, independent of the abundance of Susceptible or Recovered
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» We discussed that the term in red is a mutation because Infected just transform into
Recovered, independent of the abundance of Susceptible or Recovered

» The term in blue looks like a mutation -it ballances inmediately like a mutation - but the rate
is not constant...
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» The term in blue looks like a mutation -it ballances inmediately like a mutation - but the rate
is not constant...

» A term like this ﬁ% - is what we called a competition. There are many ways to interpret
this
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» We discussed that the term in red is a mutation because Infected just transform into
Recovered, independent of the abundance of Susceptible or Recovered

» The term in blue looks like a mutation -it ballances inmediately like a mutation - but the rate
is not constant...

» A term like this ﬁ% - is what we called a competition. There are many ways to interpret
this
1. Each unit of Infected attacks at rate 8 and infects a random agent
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» We discussed that the term in red is a mutation because Infected just transform into
Recovered, independent of the abundance of Susceptible or Recovered

» The term in blue looks like a mutation -it ballances inmediately like a mutation - but the rate
is not constant...

» A term like this ﬁ% - is what we called a competition. There are many ways to interpret
this
1. Each unit of Infected attacks at rate 8 and infects a random agent
2. Each unit of Infected attacks at rate 1 a random agent, and gains S units of mass.
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We discussed that the term in red is a mutation because Infected just transform into
Recovered, independent of the abundance of Susceptible or Recovered

The term in blue looks like a mutation -it ballances inmediately like a mutation - but the rate
is not constant...
A term like this ﬁ% - is what we called a competition. There are many ways to interpret
this

1. Each unit of Infected attacks at rate 8 and infects a random agent

2. Each unit of Infected attacks at rate 1 a random agent, and gains S units of mass.
In this case (due to the interpretation we are making) everything that is loss by the
susceptible is adquired by the infected, but this is not always true.

If a lion eats a zebra, the Zebras lose some mass (say M), but the Lions don’t get M extra
mass, and some of the mass of the Zebra will go to other animals o the enviroment
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Competition and Collaboration in the Simplex

Consider two species A and B with abundance x(t) and y(t) with x + y = 1.
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Competition and Collaboration in the Simplex

Consider the following tables of interactions: Myy means what does the agent of type U gets
when meeting an agent of type V

A
Al -1|3
B |05 1
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Competition and Collaboration in the Simplex

Consider the following tables of interactions: Myy means what does the agent of type U gets
when meeting an agent of type V

A
Al -1|3
B |05 1

So our model of competition-collaboration is the following: At rate 1/2 a random pair if biomass
unit meet
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Competition and Collaboration in the Simplex

Consider the following tables of interactions: Myy means what does the agent of type U gets

when meeting an agent of type V

A

A

—1

3

B

0.5

1

So our model of competition-collaboration is the following: At rate 1/2 a random pair if biomass

unit meet

1. Call x4 and xg the abundances of species A and B respectively

Kerlyns Martinez - Nicolés Rivera

Escuela de Bioestocastica

January 22, 2024

5/18



Competition and Collaboration in the Simplex

Consider the following tables of interactions: Myy means what does the agent of type U gets

when meeting an agent of type V

A
Al -1|3
B |05 1

So our model of competition-collaboration is the following: At rate 1/2 a random pair if biomass

unit meet

1. Call x4 and xg the abundances of species A and B respectively
2. Since at each 1/2 a pair of random agents meet we have that:

> meeting between two agents of A occurs at rate x§/2, and both get —1 of abundance

> meeting between two agents of B occurs at rate x§/2,
> meeting between agents of A and B occurs at rate XaXg
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Competition and Collaboration in the Simplex

Consider the following tables of interactions: Myy means what does the agent of type U gets
when meeting an agent of type V

A
Al -1|3
B |05 1

So our model of competition-collaboration is the following: At rate 1/2 a random pair if biomass
unit meet
1. Call x4 and xg the abundances of species A and B respectively
2. Since at each 1/2 a pair of random agents meet we have that:
> meeting between two agents of A occurs at rate x§/2, and both get —1 of abundance

> meeting between two agents of B occurs at rate x§/2,
> meeting between agents of A and B occurs at rate XaXg

3. From the point of view of A, we have

2
X4 = %'(—1)-2+XAXB-3—¢(1‘)XA
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A

Al —1 3
B | 05| 1
2
Miremos la ecuacion sa = 2 - (—1) - 2+ xaxs - 3
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A
Al —-1|3
B | 05| 1

2
Miremos la ecuacion sa = 2 - (—1) - 2+ xaxs - 3

> outcome Rate meet AB one agent of A
X ~ = P . =~
: A
Xp = - S (=1) - 2+ Xax -3 - 1 —o(t)x
A 5 =1 2 AXB P(t)Xa
~~~ two agents outcome

Rate meet AA
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A
Al —-1|3
B | 05| 1

2
Miremos la ecuacion sa = 2 - (—1) - 2+ xaxs - 3

> outcome Rate meet AB one agent of A
X ~ = —— =~
: A
Xp = ? - (=1) - \2’/ + Xaxg - 3 - 1 —o(H)xa
~~~ two agents outcome
Rate meet AA

and cancelling the terms, we have

Xa(t) = ((—1) - xa(t) + 3 - xs(t) — $(1)) Xa

and thus the system

)'(A=(—1 -XA+3~XB—¢)XA

5(5 = (05 XA+ XB — ¢)XB
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Payoff matrices

In evolutionary game theory we will assume some sort of interaction between species, and when

they meet some reward-loss occurs: this is encoded by the Payoff matrix

Play
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Payoff matrices

In evolutionary game theory we will assume some sort of interaction between species, and when
they meet some reward-loss occurs: this is encoded by the Payoff matrix

Against
A B
A | Maa | Mas
Play
B | Mga | Mss

This matrix means
» If an individual of type A meet another of type A, both get Maa
» |If B meets B, both get Mgz
> if Aand B meets, A gets Mag, and B gets Mga
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Payoff matrices

In evolutionary game theory we will assume some sort of interaction between species, and when
they meet some reward-loss occurs: this is encoded by the Payoff matrix

Against
A B
A | Maa | Mas
Play
B | Mga | Mss

This matrix means

» If an individual of type A meet another of type A, both get Maa

» |If B meets B, both get Mgz

> if Aand B meets, A gets Mag, and B gets Mga
Then, we can define the fitness of both species. Let xa(f) and xs(t) be the abundance of each
species, then

fa(t) = Maaxa(t) + Mapxa(t)
fa(t) = Mpaxa(t) + MpsXxs(t)
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Payoff matrices

In evolutionary game theory we will assume some sort of interaction between species, and when
they meet some reward-loss occurs: this is encoded by the Payoff matrix

Against
A B
A | Maa | Mas
Play
B | Mga | Mss

This matrix means

» If an individual of type A meet another of type A, both get Maa

» |If B meets B, both get Mgz

> if Aand B meets, A gets Mag, and B gets Mga
Then, we can define the fitness of both species. Let xa(f) and xs(t) be the abundance of each
species, then

fa(t) = Maaxa(t) + Mapxa(t)
fa(t) = Mpaxa(t) + MpsXxs(t)

which can also be written in a matrix way as

f=MX
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Payoff matrices

fa(t) = Maaxa(t) + MagXxs(t)
fa(t) = Mpaxa(t) + MasXxs(t)

Then, we have

Xa = (fa — P)xa

Xg = (fs — ¢)xB

An interpretation is: the fitness of the species is no longer an intrinsic quantity of the species
but something that depends on your interaction with other agents.

Since we are in the simplex, xa + xg = 1, then the fitness of a species is the average payoff by
interacting with a random agent, assuming that all interactions are equally likely

fa(t) = Maaxa(t) + Masxs(t).
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Games and Dynamics

With this new idea of dynamic fitness we can formulate the evolutionary dynamic in the simplex,
without mutation, by

).(A = XA(fA — (15)
).(B = XB(fB — ¢)
and since xa + Xz = 0 we have

¢ = XAfA + XBfB = MAAXE + MABXAXB + MBAXBXA + MBBXE; = XTMX
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Games and Dynamics

With this new idea of dynamic fitness we can formulate the evolutionary dynamic in the simplex,
without mutation, by

).(A = XA(fA — (b)
).(B = XB(fB — ¢)
and since xa + Xz = 0 we have

2 2
¢ = XAfA + XBfB = MAAXA + MABXAXB + MBAXBXA + MBBXB = xTMx

Using that x4 = 1 — x, can write

Xa = Xa(fa — @) = Xa(fa — Xafa — Xgfg)
= Xa(xgfa — XxgfB)
= Xaxg(fa — fg)
= Xa(1 — xa)(fa — fB)

Therefore, an equilibrium is found when the two fitness are the same (as expected!) or when one
of the species dissapears
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Games and Dynamics: Example 1

Consider a population of Zebras and Lions.

Against
Z| L
Play 3 !
L|5|0

» Think about Zebras and Lions as a sort of citizienship
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Games and Dynamics: Example 1

Consider a population of Zebras and Lions.

Against
Z| L
Play 3 !
L|5]|0

» Think about Zebras and Lions as a sort of citizienship

> If Uis alion, and V is a lion: U changes, being a Zebra will help him to improve the fitness
» If Uis lion, and V is zebra: U is happy, changing will decrease the fitness

» if Uis zebra and V is lion: U is happy

» if Uis zebra and V is zebra: U changes to lion
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Games and Dynamics: Example 1

Consider a population of Zebras and Lions.

Against
Z| L
Play 3 !
L|5]|0

» Think about Zebras and Lions as a sort of citizienship

> If Uis alion, and V is a lion: U changes, being a Zebra will help him to improve the fitness
» If Uis lion, and V is zebra: U is happy, changing will decrease the fitness

» if Uis zebra and V is lion: U is happy

» if Uis zebra and V is zebra: U changes to lion

At the end we find some sort of equilibrium where both populations are more or less the
same
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Games and Dynamics: Example 1

Consider a population of Zebras and Lions.

Against
Z| L
Z| 3|1
Play
L|5|0

Suppose that individuals meet in a very random fashion: choose a random individual U and

then U meets a random individual V.

» Think about Zebras and Lions as a sort of citizienship

» If Uis alion, and V is a lion: U changes, being a Zebra will help him to improve the fitness

» If Uis lion, and V is zebra: U is happy, changing will decrease the fithess

» if Uis zebra and V is lion: U is happy
» if Uis zebra and V is zebra: U changes to lion
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Games and Dynamics: Example 1

Consider a population of Zebras and Lions.

Against
Z| L
Z| 3|1
Play
L|5|0

Suppose that individuals meet in a very random fashion: choose a random individual U and

then U meets a random individual V.

» Think about Zebras and Lions as a sort of citizienship

» If Uis alion, and V is a lion: U changes, being a Zebra will help him to improve the fitness

> If Uis lion, and V is zebra: U is happy, changing will decrease the fitness

» if Uis zebra and V is lion: U is happy

» if Uis zebra and V is zebra: U changes to lion

At the end we find some sort of equilibrium where both populations co-exists
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Games and Dynamics: Example 2

Consider a population of Zebras and Lions.

Against
Z | L
Z\|5]| 0
Play
L |3 1

Exercise: what happen in this case?
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Games and Dynamics: Example 2

Consider a population of Zebras and Lions.

Against
Z | L
Z\|5]| 0
Play
L |3 1

Exercise: what happen in this case?

Answer: Two zebras are happy, two Lions are happy, but when a Zebra meets a Lion both want

to change.
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Games and Dynamics: Example 2

Consider a population of Zebras and Lions.

Against
Z | L
Z\|5]| 0
Play
L |3 1

Exercise: what happen in this case?

Answer: Two zebras are happy, two Lions are happy, but when a Zebra meets a Lion both want

to change.

In terms of dynamics:
1. Both population can survive

2. They co-exists only if xz(0) is some very specific value

3. Otherwise, either Lions or Zebras survive
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Games and Dynamics: Example 2

Against
Z| L
Play 510
L |31

Let’s find the equilibrium points: Beyond (xz, x;) = (1,0) and (0, 1), we shall solve fz = f;

restricted to xz + x, = 1.
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Games and Dynamics: Example 2

Play

Against

Z| L

5] 0
L |3 1

Let’s find the equilibrium points: Beyond (xz, x;) = (1,0) and (0, 1), we shall solve fz = f;

restricted to xz + x, = 1.

Our system of equations is

obtaining (xz, x.) = (1/3,2/3) is a equilibrium point where both co-exist
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0

2 4

xz(0) =1/3 +0.001

xz(0) = 1/3 — 0.001
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Games and Dynamics: Example 3

We can make our modelling a bit more realistic by adding context to the Payoff matrix.
Example: hawks and doves

Consider a population of hawks and doves engaged in a game over a resource, like territory
or food. The prize corresponds to a gain in fithess G, while an injury reduces fitness by C:

— If two doves meet, they divide the good, obtaining in average G/2.
— If a dove meets a hawk, it flees with 0, while that of the hawk increases by G.

— If a hawk meets a hawk, they fight. The fitness of the winner is increased by G, that
of the loser reduced by C, so that the average increase in fitness is (G — C)/2.
This gives us the matrix

Hawk| e [ G-C G
2
[oove] - | 0 2
In this case
. c-G
Xp = XD((1 — XD)fD — (1 — XD)fH) = XD(1 — XD) (T — CXD/Z) .
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Example: hawks and doves

For simplicity, assume the prize G = 1. Our payoff-matrix is

H | D
—C

H| 5% | 1

D| 0o |1/2

We shall analyse different values for C.
1. We first should notice that xp = 0 when

C—1 CXp
TfT—(), XD—O7 OrXD—1

2. % € (0,1) only when C > 1, otherwise it is negative or greater than 1

For sake of being interesting, assume that xp(0) € (0, 1).
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1. Case I: C > 1 hawk fights are risky

> DD — H
» DH — D
> HD — H
> HH— D
In this case we will find a equilibrium around xp = (C — 1)/C.
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1. Case I: C > 1 hawk fights are risky

> DD — H
» DH — D
» HD — H
» HH — D

In this case we will find a equilibrium around xp = (C — 1)/C.

Examples with C = 1.1

Xo(t) (b
1.0r 1.0
08 08
06 06
0.4 0.4}
0.2] 0.2

. . . . - ! . L L -
0 20 40 60 80 100 0 20 40 60 80 100
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1. Casell: C < 1
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1. Case ll: C < 1 being a hawk is better.
> DD — H
» DH — H
» HD — H
» HH — H (The risk of the fight is favourable).
In this case poor Doves will die out. Even when C = 1, a hawk has no motive to "change"
into a dove.
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1. Case ll: C < 1 being a hawk is better.
> DD — H
» DH — H
> HD — H
» HH — H (The risk of the fight is favourable).
In this case poor Doves will die out. Even when C = 1, a hawk has no motive to "change"
into a dove.
Examples with C = 1
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