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Selection

When we consider a single organism there is no much beyond birth and death, so we will
consider more than two species.
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We say that selection operates when different type of individual have different reproducing rates.
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(and no death is included).
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Selection

When we consider a single organism there is no much beyond birth and death, so we will
consider more than two species.

We say that selection operates when different type of individual have different reproducing rates.

The simplest model consider two species A and B that reproduces at rates a and b respectively
(and no death is included).

Here we have

X = ax x(1) = xoe™

y=by y(t) = yoe™
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Selection

X = ax x(t) = xo*
y = by y() = yoe™

Therefore,
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Selection

X = ax x(t) = xo€™
y = by y(t) = yoe”

Therefore,

» if a = b then the quotient is constant: the size of the population are in the same proportion
% — o0: Population A outcompete population B

% — 0: Population B outcompete population A

» if a> bthenlim;_

» if a < bthen lim;— o

Kerlyns Martinez - Nicolés Rivera Escuela de Bioestocastica January 22, 2024 2/21



Selection

A much more interesting case is when the total abundance is constant, i.e. we set x(t) + y(f) = 1
In this setting the simplest model is

x(t) = (a — p(0)x(t)
y(t) = (b= o(B)y(t)
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Selection

A much more interesting case is when the total abundance is constant, i.e. we set x(t) + y(f) = 1.

In this setting the simplest model is
x(t) = (a— p(0)x(1)

y(t) = (b — o(t)y(t)
Ifx+y=1thenx+y =0. Then
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Selection

A much more interesting case is when the total abundance is constant, i.e. we set x(t) + y(t) =
In this setting the simplest model is

x(t) = (a— o(0)x(1)
y(t) = (b — o(t)y(t)
Ifx+y=1thenx+y =0. Then

(@a—o(t)x(t) + (b — @(t)y(t) =0 — ax + by = ¢(x + y) — ¢ = (ax + by)

The quantity ¢(t) = ax(t) + by(t) is very important, and it is known as the average fitness of the
population at time ¢.

Kerlyns Martinez - Nicolas Rivera Escuela de Bioestocastica January 22, 2024

1.

3/21



Selection

A much more interesting case is when the total abundance is constant, i.e. we set x(t) + y(t) = 1.
In this setting the simplest model is

x(t) = (a— o(0)x(1)
y(t) = (b — o(t)y(t)
Ifx+y=1thenx+y =0. Then

(@a—pO)x(t) + (b — d()y(t) =0 — ax + by = ¢(x + y) — ¢ = (ax + by)
The quantity ¢(t) = ax(t) + by(t) is very important, and it is known as the average fitness of the
population at time ¢.
Solving the system is easy because we know that y = 1 — x. Then, everything reduces to the
equation

X =x(1—x)(a—b)

Kerlyns Martinez - Nicolas Rivera Escuela de Bioestocastica January 22, 2024 3/21



Selection

A much more interesting case is when the total abundance is constant, i.e. we set x(t) + y(t) = 1.
In this setting the simplest model is

x(t) = (a— o(0)x(1)
y(t) = (b — o(t)y(t)
Ifx+y=1thenx+y =0. Then

(@a—pO)x(t) + (b — d()y(t) =0 — ax + by = ¢(x + y) — ¢ = (ax + by)
The quantity ¢(t) = ax(t) + by(t) is very important, and it is known as the average fitness of the
population at time ¢.
Solving the system is easy because we know that y = 1 — x. Then, everything reduces to the
equation

x(t)=0 if x(0) = 0
X=x(1—x)(@a—b)= ¢ x(f) =1 if x(0) =1
x(t) = —220 it x(0) € (0,1)

1—xg+xpel@= Dbt
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Selection

A much more interesting case is when the total abundance is constant, i.e. we set x(t) + y(t) = 1.
In this setting the simplest model is

x(t) = (a— o(0)x(1)
y(t) = (b — o(t)y(t)
Ifx+y=1thenx+y =0. Then

(@a—pO)x(t) + (b — d()y(t) =0 — ax + by = ¢(x + y) — ¢ = (ax + by)
The quantity ¢(t) = ax(t) + by(t) is very important, and it is known as the average fitness of the
population at time ¢.
Solving the system is easy because we know that y = 1 — x. Then, everything reduces to the
equation

x(t)=0 if x(0) = 0
X=x(1—x)(a—b)= < x(t) =1 if x(0) =1
x(t) = 25 i X(0) € (0,1)

Exercise
If x(0) € (0, 1), show that lim;—, o x(t) — 1ifa > b, and lim;—., x(t) > 0ifb < a
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Selection

We can have more than two species, e.g. A, B, and C

with x(t) + y(t) + z(t) = 1. In this case ¢(t) = ax(t) + by(t) + cy(t) which is, again, the average
fitness. However, solving this equation is much harder.
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Selection

We can have more than two species, e.g. A, B, and C

with x(t) + y(t) + z(t) = 1. In this case ¢(t) = ax(t) + by(t) + cy(t) which is, again, the average
fitness. However, solving this equation is much harder.

But.... Computers!
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Mathematica is my to-go software for solving stuff. Other alternatives like Mathlab or several
libraries in python (scypy, numpy, etc)
a=1.9; b =1.5; c =2; (*fitness value*)
philt_] := a*x[t] + b*y[t] + c*z[t]; (*average fitness+*)
eql = (x'[t] == (a - phil[t])#*x[t]); (*the three equations and initial conditions*)
eq2 = (y'[t] == (b - philt])*y[t]);
eq3 = (z'[t] == (c - phil[t])*z[t]);
initialConditions = {x[0] == 50/100, y[0] == 49/100, z[0] == 1/100};
solution = NDSolve[{eql, eq2, eq3, initialConditions},
{x[t], y[t]l, z[tl}, {t, 0, 100}]; C(*solver for ODE*)
{xSol, ySol, zSol} = {x[t], y[tl, z[t]l} /.
solution[[1]]; (*eztract the solutions*)
Plot [{xSol, ySol, zSol}, {t, 0, 100}, PlotLegends-> {"x(t)", "y(t)", "z(t)"},
FrameLabel -> {"t", "Values"}, PlotLabel-> "Solutions of the System of Differential
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Example with a=1.9, b= 1.5, ¢ = 2, x(0) = 50/100, y(0) = 49/100, z(0) = 1/100

Solutions of the System of Differential Equations

Kerlyns Martinez - Nicolés Rivera Escuela de Bioestocastica January 22, 2024



DETOUR: Simplex and Equilibrium Points
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Dynamics on the Simplex

In the previous examples, we had that the total abundance was constant.

The collection of points (x1, . . ., X5) such that x; > 0 and Z; X; = 1 are called the simplex S;.
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Dynamics on the Simplex

In the previous examples, we had that the total abundance was constant.

The collection of points (x1, . . ., X5) such that x; > 0 and Z; X; = 1 are called the simplex S;.
» Each point of the simplex represents the abundance of the population.

> If we keep the total abundance fixed at 1, then any evolutionary dynamics will be a dynamic
on the simplex.
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A bit on equilibrium Points

When we have a system of diferential equations

f(x,y,2)
g(x,¥,2)
h(x,y, z)

x
y
z
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A bit on equilibrium Points

When we have a system of diferential equations

X = f(X7yaZ)
y=g(X7y7Z)
z=h(x,y,2)

an important quantity to study if the system of equations

f(x,y,2) =0
g(X,y,Z):O
h(X7y72)=0

In this system we think x, y, z as variables (numbers) instead of functions.
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A bit on equilibrium Points

When we have a system of diferential equations

x=1(x,y,2)
y=9x,y,2)
z=h(x,y,2)

an important quantity to study if the system of equations

f(X,y,Z)=0
g(X,y,Z):O
h(X7y72)=0

In this system we think x, y, z as variables (numbers) instead of functions.

Solutions to such a system are important because they are points of "0" velocity. Those points
are called equilibria points
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A bit on equilibrium Points

No all equilibria are the same
1. Stable Equilibrium: the system tends to return to that point after a perturbation
Unstable Equilibrium: the system moves away after a perturbation
Saddle Point: the system returns and moves away in different directions after a perturbation
Center: the system moves around the equilibrium
Others

S R A
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END OF DETOUR
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Mutation

An important operator is mutation: this means that one species transform into others by different
means (pure mutation, but also like eating).
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Mutation

An important operator is mutation: this means that one species transform into others by different
means (pure mutation, but also like eating).

Let’s consider again two species A and B.
» Let x and y be the abundances of A and B respectively, and assume the dynamic is on the
simplex
» Suppose that A has fitness a, and mutates into B at rate mag. Similarly
» Suppose that B has fitness b and mutates into A at rate mga.
» We will assume that both mas > 0 and mga > 0
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Then, the system of equations is given by
X = ax — MagX + Mpay — X

Yy = by — Mpay + MagXx — ¢y

since x + y = 1and x + y = 0, we have ¢(t) = ax + by.

Kerlyns Martinez - Nicolés Rivera Escuela de Bioestocastica January 22, 2024 13/21



Then, the system of equations is given by

X = ax — MagX + Mpay — X
y = by — MpaY + MagX — (by

since x + y =1 and X + y = 0, we have ¢(t) = ax + by.

Equilibrium Point? We shall solve X = 0, y = 0. Let’s solve for x:
0 =X = ax — MagX + Meay — (ax + by)x
replacing y = 1 — x yields

(b— a)x* +(a— b — (Mas + Mpa))X + Mpa

» if a = b, then (Mag + Mpa))X + Mga

» if a # b, then we have a quadratic equation. The analysis of equilibrium points is harder
here.

b—a+mA5+mBA:|:\/(b—a+mAB+mBA)2—4(b—a)mBA
2(b— a)

X —
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Asystemwitha=5,b=3, maB =2, mga=05

System with Mutation
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Mutation Matrix

Let’s have a look again at our system of differential equations:

X = ax—mapX+Mgay — px
}7 = bymeAy+mABx — ¢y

Now consider another species, C, then we would have a system like

X = ax—(Mag + Mac)X+(Mpay + McaZ) — $X
Y = by—(mga + Mpc)y+(MagX + Mcaz) — ¢y

z = cz—(mca + Mcg)Z+(MacX + Mecy) — ¢z

Then, we can write

—(mag + Mac) Mas Mac
Q= Maa —(mga + mMac) Msc
Mea Mca —(mca + mcg)

then, by using the notation X = (x, y, z), the mutation part can be written as

QX
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Mutation Matrix

In general, any mutation matrix Q is such that
1. For diagonal entries: Q; < 0
2. For odd-diagonal entries Q; > 0
3. The sum of the entries of each column is 0.

Kerlyns Martinez - Nicolés Rivera Escuela de Bioestocastica January 22, 2024 16/21



Summary

Reproduction:
» Reproduction can be model as ax with a > 0 being the reproduction rate, meaning that
each indidivual reproduces at rate a
» Dead can be model as —dx meaning that each individual dies at rate d
» the simplest model is then x = (a — d)x. We can allow a € R and encode reproduction and
dead in the variable a
Selection and Competition:
» We allow more than one species, we can model the abundance of two species with two
variables x and y
> If we fix the total abundance x + y = 1, then we introduce competence
» Average fitness balance the equations

X =ax — ¢x
y=by—oy
with ¢(f) = ax(t) + by(t).
Mutation
» models the rate that one species transform into another one via a mutation

X = ax—MapX+Mpay — ¢X
}'/ = bymeAy+mABx — ¢y
» it can be encoded in a mutation matrix Q
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Extra: Modelling Infections - SIR model

Suppose we have an infection in a population of size N.
1. There are three type of subjects: infected, susceptible, and recovered
2. Susceptible agents can be infected
3. Infected can infect susceptible
4. Recovered cannot infect nor be infected (they are inmune or dead)
We have the following dynamics
1. An infected agent meets a random agent at rate 3 and infects her
2. Infected agents recover at rate y
Can we write the model?
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SIR with 8 =1, v = 0.05, N = 10000

1000¢!
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SIR with 5 =1, ~ = 0.5, N = 10000

1000¢!
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What if we allow the susceptible population to reproduce in our model? e.g. susceptible
reproduce at rate a.
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What if we allow the susceptible population to reproduce in our model? e.g. susceptible
reproduce at rate a.

SIRwith a = 0.5, 8 = 2, v = 0.1, N = 10000

1200C]

1000C|

8000

6000

— Recov

4000

2000

Kerlyns Martinez - Nicolés Rivera Escuela de Bioestocastica January 22, 2024



	Selection

